
2184 Macromolecules 1992,25, 2184-2191 

Generalized Fokker-Planck Approach to the Coupling Model and 
Comparison with Computer Simulations 

K. L. Ngai' 

Naval Research Laboratory, Washington, D.C. 20375-5000 

S. L. Peng 

School of  Physics, Georgia Institute of  Technology, Atlanta, Georgia 30332 

Jeffrey Skolnick 

Department of  Molecular Biology, The Scripps Research Institute, 10666 North Torrey 
Pines Road, La Jolla, California 92037 

Received August 7, 1991; Revised Manuscript Received January 6, 1992 

ABSTRACT: The coupling model is reformulated using a Fokker-Planck approach to generalize the Rouse 
model to include time-dependent rate slowing down by entanglement coupling. The results compare favorably 
with data of several computer simulations. In particular, we point out the results of the normal-mode analysis 
of the molecular dynamics simulations of Kremer and Grest are in good agreement with the coupling model 
but at variance with the reptation model. 

I. Introduction 

A scheme for incorporating the effects of entanglements 
on the dynamics of Rouse modes has been proposed some 
while ago by one of us1+ and collaborators. Since then, 
predictions of the model have been applied to explain the 
viscoelasticity and self-diffusion in melts as well as related 
problems in solutions. In the past, the results were based 
on the master equation approach. This coupling scheme 
modifies the pth Rouse mode by slowing down its 
relaxation rate T ~ - '  by the reduction factor (w,t)-np. Here 
wc is the reciprocal of the time tc to cross over from the 
short-time pure Rouse798 dynamics to the slowed-down 
dynamics caused by many- chain "topological" interactions 
or entanglement couplings. The exponent np, called the 
coupling parameter, is a measure of the degree of rate 
slowing down of thepth mode. For flexible polymer melts, 
there is a length scale Ne such that, if the chain length N 
is shorter than Ne, all Rouse modes (including the diffusion 
p = 0 mode and the most cooperative, p = 1, intramo- 
lecular mode) are unretarded. That is, in the coupling 
scheme 

(1) 
if N C Ne. This corresponds to the empirical fact that, for 
real polymer melts satisfying the condition N C Ne, their 
viscoelastic properties are well described by the Rouse 
model (suitably modified for undiluted polymers8). In 
the entangled regime when N > Ne, the coupling model 
requires that some rip's become nonzero. This property 
of the coupling parameters means that the coupling model 
possesses an intermediate characteristic length scale which 
is the entanglement distance Ne. Above Ne, the viscoelas- 
tic and self-diffusion properties increasingly deviate from 
Rouse behavior. After N > N,, where N ,  is typically a few 
times larger than Ne, the non-Rousean behavior settles 
down into a well-defined pattern; e.g., the terminal 
relaxation time, T?*, scales9 like ZV3.4. 

In the transition to the entangled regime, i.e., as N 
increases beyond Ne, some rip's will start to assume nonzero 
values and increase with N. Intuitively, we would expect 
the intramolecularly most cooperative p = 1 mode with 
the longest wavelength to be the first to become nonzero. 

np = 0, for all p's 

For N > Ne we have previously' proposed that 
np > np,, for 1 I p C p' (2) 

Beyond N,, after which the polymer is fully entangled, we 
have found that nl attains a maximum constant value of 
about 0.41. This conclusion follows from a comparison 
between one of several predictions of the coupling model 
with the time and frequency dependence of the terminal' 
relaxation of near monodisperse melts. 

In the fully entangled regime of N > N,, we consider, 
for convenience, cases where the chain length N is an 
integral multiple of Ne; i.e. 

(3) 
where Pe is an integer. The peth Rouse mode of the N 
chain here resembles the first Rouse mode of the shorter 
chain with length Ne in the sense that the former can be 
considered as the latter repeated pe times. Hence, the 
coupling parameter, nPe(N), of the peth Rouse mode of the 
N chain is the same as nl(Ne) of the first Rouse mode of 
the Ne chain. From eq 1, it follows that 

n P ( N  = 0,  for p 2 pe (4) 
The coupling parameters for the lower modes with p = pe 
- 1, pe - 2, ..., 1 can be nonzero. These modes whose 
wavelengths are longer than the entanglement length scale, 
Ne, are susceptible to rate slowing down by entanglement 
coupling which makes np nonzero for p C pe. We expect 
also the inequalities 

because when the Rouse mode number p decreases, the 
motion involved becomes more cooperative along the chain 
and more susceptible to rate slowing down by intermo- 
lecular (entanglements) couplings with other chains. In 
the fully entangled regime, the coupling parameter nl 
remains constant at  the value of about 0.41.1J93*1 On the 
basis of this value of nl, an additional prediction (see eq 
19 in section I1 or eq 37 in section I11 of this paper) of the 
coupling model has enabled us to the 7 - N3.4 
law for the viscosit? and other properties. Although the 
coupling model has not been established as yet on rigorous 
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theoretical foundations, there are strong indications that 
its results are the natural consequences of some general 
physical principlesg governing the relaxation of correlated 
systems with nonintegrable (i.e., nonharmonic) many-body 
interactions. 

In this work, we shall reformulate the coupling scheme 
in the framework of the generalized Fokker-Plancklo 
equation. The advantage of this formulation is that various 
autocorrelation functions of experimental interest can be 
conveniently obtained. The center-of-mass mean-square 
displacement correlation function has been considered in 
a recent paper" where good agreement between the 
predictions of the coupling model and Monte Carlol2J3 as 
well as molecular-dynamics14 simulations has been pointed 
out. Here, other correlation functions are obtained and 
considered in our continued comparisons with computer 
simulations. 

11. Coupling Scheme in the Fokker-Planck 
Equation Approach 

The Rouse theory has been formulated based on the 
Fokker-Planck equation. For the case of steady-state flow 
without external field, the diffusion equation of the Fok- 
ker-Planck type can be written ad5  

A review of the mathematical formalism has been given 
by Skolnick and Yaris (SY).15 The quantities appearing 
in eq 6 have been defined by SY, and we shall follow the 
notation presented there, except that N replaces n used 
by SY to denote the number of beads in a polymer chain. 
The constant diffusion coefficient and drift for each mode 
are respectively 

and 

kBT 
Yp = - 

Co up 

(7) 

where 

and 

The relation between Bp and y p  is 

Y p  = (tpp)Bp (11) 
Equations 6-10 constitute a basic description of the Rouse- 
like chain. The coupling model (see section I) reduces to 
the Rouse theory in the regime N I Ne where np = 0 for 
all p's. 

To obtain a more general Fokker-Planck equation that 
can also describe the case of N > Ne where entanglement 
couplings are significant, we shall employ the coupling 
scheme. The coupling model proposes that a t  short times, 
t < wC-l, the chains are unretarded by the entanglement 
coupling; they relax according to the Rouse model. Beyond 
wc-l, Rouse modes with p < Pe have their relaxation rate, 
~ ~ - 1 ,  slowed down by a time-dependent factor (u,t)-np. From 
eqs 7 and 10, it is clear that the coefficient P p  in the Fokker- 
Planck equation (eq 6) is proportional to the Rouse rate 
rP-'. Hence, following the scheme of the coupling model, 
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we modify it accordingly as 

Bp(t) = Bp(wct)-np w,t > 1 (12) 
which reduces to the Rouse constant BP when np = 0. It  
is natural also to generalize eq 11 for y p  as 

Y P ( t )  = (tp2)Bp(t) (13) 
From these we obtain a generalized Fokker-Planck 
equation for the coupling model 

N-1 

ap = E(B,(T) aq(t,,n + Yp(m,ptpP)  (14) 
p=o 

where P([O,t1, ...,(N-1) is the probability of finding 5 z ( t o ,  
..., FN-~) a t  time t. Linearity enables eigenmode expansion 
to find the solution. The normal modes, tp,  are indepen- 
dent of each other, and P has the product form 

As a result, each mode is governed by its own equation 

Here T ~ *  is related to the Rouse relaxation time T~ by the 
important equation 

(19) * = {(I - np)w,n'Tp)l/('-nP) 
TP 

The equilibrium state is defined by 

dP,,/dt = 0 (20) 
The above condition is equivalent to 

peg = lim P(to,*&,+t) = n{~r(t;))'/~ x 
N- 1 

p=o 

exp{-It,12/2 ( tk2)  I (21) 
Following the same method as outlined by SY, we can 
calculate all autocorrelation functions of interest. The p 
= 0 mode and the mean-squared center-of-mass displace- 
ment correlation function gcm(t) = ((Rcm(t) - RC,(0)1*)/bo2 
from the coupling model has been discussed by Ngai and 
Skolnick." The results are in good agreement with three 
major computer  simulation^^^-^^ and will not be considered 
any further here. Here we confine our attention to various 
single-bead mean-square displacement correlation func- 
tions and the end-to-end vector autocorrelation function. 
For the former, we are mainly interested in the time regime 
o f t  << TO*, where TO* is the very long relaxation time of 
the slowed-down p = 0 mode given by eq 19 for p = 0 and 
discussed in ref 11. Hence, we can neglect the contribution 
of the mean-square displacement of the center of mass to 
the various single-bead autocorrelation functions. In fact, 
this contribution will be dropped entirely throughout the 
remainder of this work. Various autocorrelation functions 
can be obtained by using the property of Gaussian 
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distribution. For any p # 0 mode 

( [ tp ( t )  - tP(o)l[tp0) - tP4O)1) = 66,,,(tp2) X 

[I - exp[-(t/r,*)'-"~11 (22) 
The time-dependent normalized autocorrelation function 
of the center of resistance15 is given by 

N-1 

g&) = (S,(t) Sr(0))/(S,2) = CPp-l x 
p=l 

N-1 
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then would predict the dependence" 

g,,(t) N t1-w = t0.68 (30) 
in the intermediate time regime, which is in good agreement 
with all computer simulations for the longest chains 
studied.12-14 In the crossover from the unentangled to the 
entangled regime, no increases monotonically with N from 
zero toward" the maximum value of 0.32 f 0.01. The 
dependence of no on N determined from the gcm(t) data 
allowed us to predict the N dependence of the diffusion 
constant via a relation similar to eq 19 of the coupling 
model." Good agreement with computer simulations have 
also been achieved. We now turn our attention here to 
other aspects of the chain dynamics obtained by computer 
simulations. 

A. Normal-Mode (Rouse) Analysis. A molecular- 
dynamics simulation by Kremer and Grest (KG)14 has 
analyzed their chain dynamics data in terms of the Rouse 
normal modes designated as X,(t) by KG which is tP( t )  
in our notation. They have shown that the Rouse modes 
are eigenmodes of the chains from their analysis of the 
static structure of the chains. KG obtained the relaxation 
functions 

9 J t )  = (X,(t).X,(O) )/ (X,(O).X,(O)) (31) 
of the modes and analyzed their results in detail. 

For short chains with N I 50, $p(t)  follows a linear 
exponential decay exp[-(t/~,)l for all p L 1. At fixed N, 
T~ scales like Up2. In a semilog plot of In q5p(t) against the 
reduced time, tp2/ rW, relaxations of the different modes 
collapse onto a single curve which is nearly a straight line 
(see Figure 14a,b of ref 14). The time T is a standard unit 
of time for a Lennard-Jones fluid defined by KG. The 
exact conformation of &(t) to Rouse scaling and time de- 
pendence verifies the empirically known Rouse behavior 
of all modes for short chains with N I Ne. An estimate 
of 35 has been given for the entanglement length Ne by 
KG. Note N 50 is less than 2Ne, and Rouse behavior 
for N = 50 is not unexpected from our discussion in section 
I. 

The situation is different for longer chains having N > 
2Ne. The N = 100 data (see Figures 13c and 14c of ref 14) 
show deviations from the Rouse behavior in two ways. 
First, &At) for the lower (smaller p )  modes is no longer a 
linear exponential function, exp[-(t/r,)l, where T~ is the 
Rouse time. In a semilog plot of $,(t) versus t / ~ ,  the 
departure manifests itself as a curve rather than a straight 
line, and the curvature increases with decreasing p .  
Second, &(t) of the lower modes cannot be reduced to 
collapse onto a single curve by scaling the time by the 
Rousefactorp2/W. (N.B., we use the word"curve" instead 
of straight line because &(t) for p C 4 are no longer 
exponential.) The higher modes (p 1 4) seem to super- 
pose well, indicating they have retained Rouse behavior. 
Let rp* denote the time at which &(t) decays to e-l. KG's 
data clearly indicate that the ratio T ~ * / T ,  increases rapidly 
as p decreases toward 1. The time window available to 
KG was not sufficiently long to obtain TI* for N = 100. 
However, any reasonable extrapolation of the data for 41- 
( t )  to e-l supports a large value for the ratio TI*/TI (see 
Figure 14c of ref 14). These two features of mode 
relaxations of longer chains are a t  variance with the rep- 
tation model of relaxation in a tube.l6J7 In this model, 
the original relaxation time of a Rouse mode p with Nlp 
> Ne is lengthened by a factor of NINe, but the relaxation 
function remains exponential. 

The ith bead mean-square displacement function has the 
expression 

N-I 

[l - exp[-(t/rp*)'-"pll (24) 
The quantity p p  is related to ( tp2) ,  the mean-square value 
of the pth normal mode by 

( tp2)  = c(i1b;/3 (25) 
Qip are the Rouse eigenfunctions given by 

and 

p p  = 4 sin2 @ a / 2 ~ )  (26b) 
Various average mean-square displacements per bead can 
be defined including gl(t) when the average is performed 
over the entire chain 

and d,;,""'(t) if the average is over only the innermost, say, 
five monomers, then 

The autocorrelation function of the end-to-end vector 

(R(t).R(O)) = C(Qop - QN-l,p)2~Lp-1 e~p[-(t/r,*)'-"~l 

can be obtained also along the same lines. 

111. Comparison with Computer Simulations 
By now, several computer simulations of the dynamics 

of entangled linear polymer melts have been published.12-14 
Although results of computer simulations are limited by 
available computer time, they have given considerable 
insight into the dynamics, particularly in the crossover 
behavior from the unentangled to the entangled regime. 
In an earlier paper" we have pointed out that on the center- 
of-mass mean-square displacement, g,,(t), the results of 
three major simulations are in remarkable agreement with 
each other. Moreover, the common features of these 
simulations are as predicted by the coupling model. The 
coupling parameter no (previously denoted by ~ D ~ , ~ J ~ )  for 
the p = 0 Rouse mode of diffusion has been previously 
determined using self-diffusion experimental data2 for fully 
entangled melts to be 0.32 f 0.01. The coupling model 

N-1 

(29) 
p=l 
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e . p-10 
r20 A ' 

I I I 
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= e x p [ - ( t / ~ , ~ ~ ~ ) I  (32) 

Thus, the reptation model predicts that in a semilog plot 
the ~ $ ~ ( t ) ' s  should be straight lines and they would collapse 
onto a single straight line if time for the p mode is scaled 
either byp2 or by @lW2. Neither of these predictions are 
borne our by KG's data of N = 100. KG has correctly 
pointed out that the generalized Rouse model (GRM) of 
Kovassalis and NoolandilS with the predictions of 
exp[-(t/rPCRM)1 for ~ $ ~ ( t )  and rpCRM a f l lp4fair  far worse 
than the reptation model when compared with their data. 
Nevertheless we cannot see how this state of affairs can 
justify the conclusion that their data strongly favor rep- 
tationlike concepts. 

At  first sight, the plot of In 4,(t) against scaled time, 
tp2/rW, for the N = 200 chains (Figure 16 of ref 14) appears 
to be close to collapsing onto a single curve when compared 
with the same plot (Figure 14c of ref 14) for the N = 100 
chains. However, closer scrutiny of the manner in which 
the plot was made does not support this first impression. 
I t  is not fair to make a direct comparison between these 
two figures. Relative to that of Figure 14c for N = 100, 
the scale of the abscissa in Figure 16 for N = 200 is 
compressed by a factor of 4 due to N-2 in the p2/W scaling 
of t / r  and by another factor of 2 from the larger scaled 
time range (0-10 for N = 200 compared with 0-5 for N = 
100) of the plot. These two factors amount to a combined 
total reduction by a factor of 8 in the distances of scaled 
time separation between different p modes. For N = 100 
chains, the largest departures from linear exponential time 
dependence of 4(t)  and from perfect superposition after 
scaling byp2/W are seen for the p = 1 mode. We certainly 
expect the same for the N = 200 chains. However, data 
of the p = 1 mode of N = 200 chains have decayed little 
within the available tinle window of t / r  < 15 X lo3. Scaling 
time as tp2 / rW for the p = 1 mode the entire data set 41(t) 
becomes invisible in the combined plot of $p(t)'s for p = 
1-6. If it were possible to acquire data at times much 
longer than 15 X lo3?, then 41(t/7W) may exhibit an even 
larger departure from 4p( tp2 / rW) ,  obtained by scaling 
the time axis of the p > 1 modes, than the corresponding 
situation for N = 100 chains. I t  is important for us to 
point out that, although the data 4,(t) for the higher modes, 
p = 8,10, and 20, are available (Figure 13d of ref 141, they 
were not included by KG in their plots of &(t) vs tp2/rW 
(Figure 16 of ref 14). Unlike the low p modes, these two 
higher p modes appear to have time dependences that are 
like exponential Rouse decay. When included in the Rouse 
scaling plot, they exhibit serious departures from super- 
imposability with the lower p modes in the semilog plot 
of the C$~ 'S  versus the scaled time tp2/7W (see Figure 1). 

On the basis of the above discussion, we have no choice 
but to conclude that KG's data of the N = 200 chains are 
in substantial disagreement with the predictions of the 
reptation model, even more so than in the case of the N 
= 100 chains. On the other hand, as we shall immediately 
show, their data are remarkably consistent with the 
predictions of the coupling model. 

Short chains with N = 20 and 50 studied by KG satisfy 
the conditions N 5 Ne and N < 2Ne, respectively. From 
eq 1, the coupling parameters np either are all zero or a t  
best assume some nonzero, but small, values. When np is 
zero or small, rp* in eq 19 reduces back to the Rouse 
relaxation time 7 p ,  and the mode relaxation function given 

by eq 22 becomes linear exponential function 

4,(t) = exp[-(t/rp)1 (34) 
where 

(35) 

Longer chains with N = 100 and 200 satisfy the condition 
N 5 2Ne. Here Ne can be considered to be the charac- 
teristic length scale contained in the coupling model. The 
coupling parameters of the lower (smaller p )  modes now 
assume nonzero values as indicated before by eq 5. For 
example, the N = 100 chains having P e  cv 3 imply at  least 
that the coupling parameters np for p = 1 and 2 have 
values that are significantly above zero. From eq 22 a 
significant nonzero np gives rise to the stretched expo- 
nential relaxation function 

4,(t) = exp[-(t/~,*)'-"p] (36) 
where the slower observed relaxation time, T ~ * ,  can be 
calculated from the Rouse relaxation time rp by eq 19 
provided wc is also known. If we rewrite eq 18 as 

R R 2 )  N 
'P=3?r2kgT? 

it becomes clear from the appearance of an extra factor 
multiplying rp on the right-hand side of eq 37 that the 
rp*'s no longer scale as p-2 as the rp's do. The expected 
trend of the variation of np with p (see eq 5) and the 
sensitive dependence of Ap on p mean that the departure 
from the Rouse p-2 scaling depends on the mode number. 
We shall examine the p dependence of the extra factor Ap. 

KG have given us an estimate of wc from their data of 
the mean-square displacement of the center of mass gem- 
(t) .  As discussed in a previous work,ll the coupling model 
expects Rousean diffusion with 

gcm( t )  = 6DOt (38) 
for t < wC-l and slowed down diffusion with 

gc,(t)  - (39) 
for wC-l < t S 7D*. For N = 100, KG reported that the 
onset of the slow down is at about 2007. Hence we may 
identify wC-l with this onset time and obtain 

wc = (200~)-' (40) 
It  is easy to verify from KG's data that normal modes of 
N = 100 and N = 200 chains with smaller p have their 
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duce all the essential features in Figure 14c of ref 14 semi- 
quantitatively, Le., deviations from exponential time 
dependence and Rouse p 2  scaling of the relaxation time, 
and increasing deviations with decreasing mode number. 
Had the actual data been available in tables rather than 
in figures, we would have fitted KG’s data to eq 36 and 
determined T,* and np for each mode. With np determined 
and wc known (eq 40), T,* can be calculated from eq 37 and 
then compared quantitatively with the data. 

In exactly the same manner we have calculated T,* and 
@,(t) for the N = 200 chains with the choice of nl = 0.40, 
n2 = 0.30, n3 = 0.20, n4 = 0.10, and np = 0 for p L 6. These 
choices ~f~~~~~~~ values for the mode coupling parameters 
are again motivated by previous publications and past 
experience with real experimental data1-6p19y21 guided by 
the expected trend (eq 51, the condition stated in eq 4, and 
the fact that Pe = 6. We follow KG to scale t / r  by the 
Rouse factor p z / W  and present the results in Figure 3 as 
a Rouse scaling plot. In this figure we include +&) for 
p = 1-3,5, and 20. The calculated #,(t) for p = 1-3 and 
5 plotted in the same manner as in their Figure 16 bear 
strong resemblances to KG’s data. KG have not scaled 
the autocorrelation functions @,(t) for p = 10 and p = 20 
to inlcude them in their Figure 16 although the data are 
available in their Figure 13d. Their @,(t) for p = 20 when 
approximated by an exponential function and plotted 
against the scaled time to tp2/7W corresponds very well 
to the solid curve labeled by p = 20 in Figure 3. In this 
figure, the solid curves represent the calculated 4,’s. The 
points are also the calculated values. They are terminated 
at approximately the longest tpz /TW carried out in KG’s 
simulations, for that particular normal mode. Without 
the inclusion of @,(t) for p = 20 in the Rouse scaling plot, 
if we were unaware of the severe limit on &(t)  imposed 
by the time window and had we not been aware of the fact 
that the scale of the abscissa in Figure 3 here (Figure 16 
in ref 14) is shrunk by a factor of 8 compared with that 
in Figure 2 here (Figure 14c in ref 141, we would follow KG 
to conclude either from our Figure 3 or from Figure 16 of 
Kremer and Grest that Rouse time scaling t@/W2 seems 
to work reasonably well for N = 200, and reptation 
predictions give a good description of KG’s data. The 
inclusion of @p(t )  for p = 20 together with the plausible 
extrapolations of &(t)  and &(t) to longer times (solid 
curves) in Figure 3 reveal that the N = 200 chains behave 
like the N = 100 chains. In both cases Rouse scaling fails 
and the small p mode relaxation functions are not linear 
exponentials but close to stretched exponentials. The 
failure of Rouse scaling is much more severe in the data 
for the N = 200 chains than in that for the N = 100 chains. 
This becomes evident if @,(t) were plotted against the 
scaling variable, tpz /7 ,  instead of t p 2 / 7 W ,  and the same 
scale for t p z / i  was used in plotting @,(t) for N = 100 and 
N = 200. As pointed out earlier, KG’s choice of the N- 
dependent scaled variable tpz/Tw and their use of a 
smaller scale for it in plotting in the case of N = 200 has 
the effect of artificially reducing by a factor of 8 the degree 
of failure of Rouse scaling for N = 200 when comparing 
with the same for N = 100. In view of the present analysis, 
we are forced to disagree with KG in their conclusion that 
their data are in agreement with the original reptation 
predictions. Contrary to their claim, we find the data of 
normal modes provide strong evidence against the rep- 
tation hypothesis. On the other hand, essentially all the 
features of KG’s data in Figures 2 and 3 can be reproduced 
by the coupling scheme. In particular, the coupling 
parameters np determined from KG’s data have magni- 
tudes consistent with the values that were determined in 

1 1  1 I I 1 I 
0 1 2 3 4 5 

tp2 / rN2 

Figure 2. Semilogarithmic plot of the normal-mode autocor- 
relation function 6Jt) against scaled time, tp2/71P for N = 100. 
The functions, &?(t) for p = 1-3 and 6 are calculated from the 
coupling scheme in the manner described in the text. The mode- 
dependent coupling parameters, np, are given here and in the 
text. Both the points and the solid lines represent the calculations 
of &(t). The points are terminated at roughly the longest time 
reached by Kremer and Grest for that particular normal mode. 

underlying (but not observed) Rouse relaxation times 
satisfying the condition 

O , T p  >> 1 (41) 
Hence, A, in eq 37 is larger than unity and makes T ~ *  

longer than T ~ .  On decreasing p ,  T,*/T, increases rapidly 
because A, increases rapidly due to larger W,T, and, more 
importantly, to the increasing exponent np/(l - n,). The 
latter is a direct consequence of the property of the coupling 
parameters given by inequality eq 2; i.e., np > npl if p < 
p’ < pe .  The immediate consequences are as follows: (1) 
from eq 36, departure of #p( t )  from linear exponential 
decay; (2) from eq 37, departure of rP* (and hence the 
entire @,(t)) from Rouse scaling with p as P - ~ ;  and (3) 
these deviations become more serious with decreasing p .  
These features of the coupling scheme are actually found 
by KG and displayed clearly in their Figure 14c for N = 
100. They are also present for the N = 200 chains but are 
obscured by the manner in which Figure 16 of ref 14 was 
presented as discussed above. 

A direct comparison between the results of the coupling 
scheme and KG’s normal-mode analysis data can be made. 
The N = 100 chains are still in the crossover region and 
are not fully entangled. From previous work based on1 
viscoelastic data, we found nl = 0.41 for fully entangled 
monodisperse linear polymer melts. This has been recently 
confirmed by dielectric measurements of the terminal 
relaxation.lg For chains that are not fully entangled there 
is evidence5~6~20 that nl is smaller. These estimates of np 
and inequality eq 5 suggest it is reasonable to assume for 
N = 100 chains that nl = 0.30, n2 = 0.20, n3 = 0.10, and 
np = 0 for p 1 4. These choices for n,! though arbitrary, 
but once made give results that semiquantitatively re- 
produce KG’s data. The results obtained below should 
not be viewed as fits to KG’s data although the essential 
features of the data are reproduced. With w, given by eq 
40, and the estimate 7 6  N 1 . 2 ( ~ W / 6 ~ )  from KG’s N = 100 
data, we can deduce from eq 35 T, for all other p’s. Whence 
we can calculate T,* from eq 37 and #,(t) from eq 36. The 
natural logarithm of the normal-mode relaxation functions 
for p = 1-3 and 6 is plotted against the Rouse scaled time 
tp2/TNZ in Figure 2. We have not taken into account the 
short-time Rouse decay according to exp[-(t/r,)l for w,t 
< 1. However, from the coupling modelz1 this Rouse decay 
is negligible for p = 1-3 because W,T, >> 1. The results 
obtained compare rather well with KG’s data and repro- 
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tp2 I rN2 

Figure 3. Semilogarithmic plot of the normal-mode autocor- 
relation function, 4p( t ) ,  against scaled time, tpZ/rNZ, for N = 200 
andp = 1-3,5, and 20. The mode-dependent coupling parameters 
np are given here and in the text. Both tne points and the solid 
lines represent the calculations of 4p( t ) .  The points are termi- 
nated at roughly the longest time reached by Kremer and Grest 
for that particular normal mode. We have plotted also the au- 
tocorrelation function for thep = 20 mode which was not included 
in Figure 16 of Kremer and Grest. With its inclusion, failure of 
Rouse scaling is evident. In comparing this figure for N = 200 
with Figure 2 for N = 100 for the degree of failure of Rouse 
scaling, it is important to note that the scale of the abscissa here 
is reduced by a factor of about 8. A factor of 4 comes from the 
nonessential factor N-2 used in defining the scaled time, and 
another factor of 2 comes from the choice of a wider scaled time 
window, 0-10, for N = 200 as compared with 0-5 for N = 100, 
by Kremer and Greet. 

our previous publications1*Pz1 and are indicated here in 
eq 5. Thus, chain dynamics according to the coupling 
scheme are in good agreement with KG's data. 

In all previous published worksl*J1 as well as in the 
above discussions, the coupling scheme has been applied 
to the slowing down of Rouse modes of the entire chain 
only. Recently, Kremer and GrestZ4 have looked a t  the 
Rouse modes of the inner part of the longest chain ( N  = 
200). In the framework of the coupling scheme, motions 
of the monomers near the two ends of a chain involved in 
the low-p normal modes contribute significantly to cou- 
pling of the modes with that of other chains. In considering 
the Rouse mode of the inner part of the N = 200 chain, 
these important contributions to coupling from the 
monomers closer to the ends are removed. Moreover, by 
definition, the inner part of a chain necessarily has a shorter 
length than the entire chain. From previous discussions, 
we know that the Rouse modes of shorter chains in KG's 
simulation have smaller coupling parameters for the 
normal modes. Thus, we expect the Rouse mode of an 
inner part of the N = 200 chain is much less coupled than 
the p = 1 normal mode of the entire chain. Consequently 
the coupling parameter of any Rouse mode of an inner 
part of the N = 200 chain is significantly smaller than that 
of the corresponding normal mode of the entire chain. In 
the coupling model, small coupling parameters for the 
Rouse modes of the inner part of the 200 chain mean 
negligible modifications of the Rouse dynamics of these 
modes. In fact, the time dependences of relaxation of the 
inner part Rouse modes obtained by Kremer and GrestZ4 
from their simulation of a dense system look very similar 
to the autocorrelation functions calculated for the Rouse 
inner modes of a single chain.25 

The Rouse modes of the inner part of the N = 200 chain 
thus have characteristics quite different from that of the 
entire chain. One should not blindly take over the results 
of the coupling scheme for the normal modes of the entire 
N = 200 chain as discussed above and assume they apply 
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Figure 4. Mean-square displacement, ginner(t), vs t / r  averaged 
over the inner five monomers for N = 2b0 calculated from the 
coupling scheme with exactly the same parameters as used in 
Figure 3. The result shows that the tu power law regime with a 
= 0.28 0.03 obtained by KG is also consistent with the coupling 
model. 

verbatim to the Rouse modes of the inner parts of the 
chain. This possible misuse of the coupling scheme to 
address the Rouse modes of the inner part of the chain 
may lead to contradiction which is not real. 

B. Single-Bead Motion. The mean-square displace- 
ment of the ith bead along the chain g i ( t )  and the various 
average mean-square displacement per bead functions, 
g l ( t )  and g Y ( t ) ,  have been given by eqs 24, 27 and 28, 
respectively, for the coupling scheme. We have evaluated 
g p ( t )  for the N = 100 and 200 chains and compare the 
results with computer simulations. We follow KG and 
consider g p ( t )  to be the average of gi(t) over the five 
innermost monomers. In evaluating g p ( t )  from eqs 27 
and 28, the set of coupling parameters np are the same as 
that used in the normal-mode analysis of the previous 
subsection for the N = 200 chains (Figure 3) as well as for 
the N = 100 chains (Figure 2). The 7p*'s are calculated 
by eq 37 with wc given again by eq 40. Hence, all normal- 
mode relaxation parameters are the same as those that 
appear in Figures 2 and 3. With np and 7p* known, 
g y ( t )  can be calculated by eqs 24 and 28 which assume 
that the Rouse eigenvectors form a good basis set as was 
also done previously.12 The results for N = 200 are shown 
as the solid curve in Figure 4. Deviation from the Rouse 
dependence g y ( t )  - t1/2 is evident. The deviation is 
similar to KG's data. The deviation even starts a t  about 
the same t l i .  At longer times, the time dependence 
approaches a ta power law with a about 0.29. Again, KG's 
data are very similar (see Figure 9 of ref 14) compared 
with our calculated g p ( t ) .  We may conclude that their 
data for g p ( t )  are reproduced essentially in a semiquan- 
titative manner by the coupling model. We have shown 
the calculated values of g p ( t )  up to t = 1047 because 
beyond that the center of mass motion, not included here, 
will start to make a significant contribution. It has already 
been shown, with the Rouse eigenvectors used as a basis 
set (see Figure 15 of ref 12), that the mean-square 
displacement of the outer monomers is larger than that 
of the inner monomers. The same is true here, but the 
results will not be repeated. 

IV. Discussion and Conclusions 
In this work, we have reformulated the coupling model 

for entangled polymer chains as a Fokker-Planck equation 
for Rouse chains generalized to include the time-depend- 
ent rate slowing down by entanglement couplings. The 
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essential physics proposed in the coupling scheme is 
recaptured. This new formulation enables us to continue 
to use the Rouse eigenvectors as a basis set but to modify 
the dynamics of the normal modes according to the 
coupling scheme. The relaxation of the lower p normal 
modes is slowed down if the chain length N exceeds a 
characteristic length Ne. Various relevant autocorrela- 
tion functions, d,(t) ,  are obtained. The results from the 
coupling model have been compared with data of computer 
simulations, particularly in detail here with a molecular- 
dynamics simulation of Kremer and Grest (KG). A closer 
examination of the normal-mode analysis of KGs  data 
reveals that they are in good agreement with the coupling 
model. Moreover, the essential features of the data, 
namely, a nonexponential relaxation function and the 
failure to superpose after Rouse scaling by @/N)2, con- 
tradict the original reptation predictions. We have also 
calculated g p ( t ) ,  the mean-square monomer displace- 
ment averaged over the inner monomers. The results are 
similar to the data of KG and exhibit an approximate ta 
dependence in the intermediate time regime with a = 
0.29, in agreement with KG's data and close to the value 
of l/4 predicted by the reptation model. Thus, as indicated 
previously, the existence of the approximately t1I4 power 
law dependence can be reproduced by the coupling model 
and is not uniquely characteristic of r e p t a t i ~ n . ~ * - ~ ~  
Inadditiontod,(t)andgp(t),goodagreementbetween 

simu1ationsl2-l4 and the coupling model2 was obtained on 
the center of mass mean-square displacement,g,,(t). This 
has been discussed in detail previously.ll Recently a 
Monte Carlo simulation of polymer dynamics based on 
the bond fluctuation model26 on a simple cubic lattice 
claimed to have obtained a feature ing,,(t) different from 
all previous simulations. This simulation found g,,(t) - 

for t I 3 X lo6 Monte Carlo steps (MCS), g,,(t) - 
for 3 X IO6 < t < 7 X lo6 MCS, and gc,(t) - for 

t > 7 X lo6 MCS. Emphasis was placed on the appearance 
in a time region of the dependence gc,(t) N to.50 which 
had not been obtained before by any other simulations 
including that by Kremer and Grest. This is interesting 
also because such a time dependence for gcm(t) has been 
predicted by the reptation model. However, the time 
regime in which g,,(t) - is only about a third of a 
decade, much shorter than that expected by the reptation 
model and required by consistency with the data of gl(t). 
If this feature of the data is to be taken seriously, then one 
must do the same for the gcm(t) - t6  dependence with 6 
H 1.5 in the time regime 6 X 106 5 t 5 1 X lo7 MCS that 
immediately follows. The anomalous kink defined by these 
two time dependences needs to be explained. It is not 
satisfactory to emphasize the dependence while ig- 
noring the tl.5 dependence. This time dependence of gem- 
( t ) ,  with an exponent approximately equal to 1.5, poses a 
problem for any known model including reptation because 
such a superlinear time dependence has not been predicted. 
It is not clear what exactly gives rise to this anomalous 
kink in the data. Before this is resolved, the depend- 
ence of g,,(t) observed as only a part of the kink in the 
simulation based on the bond fluctuation model may not 
be used as evidence for reptation. 

In closing we point out two other approaches to the 
dynamics of entangled polymer liquids by and by 
Schweizer28that bear some relation to the coupling model. 
The essential physics in both theories is contained in a 
time-dependent friction coefficient which is similar to our 
time-dependent diffusion coefficient and drift term, eqs 
11 and 12, in the Fokker-Planck formulation of the 
coupling scheme presented here. There are important 
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differences however. Our time-dependent terms in eqs 
11 and 12 come as products of the corresponding time- 
independent Rouse term and the slowing down factor 
(wet)-", while in the other approaches the time-dependent 
friction coefficient comes into the generalized Langevin 
equation as an additive term. In spite of the differences, 
we believe all t h e ~ e ~ ~ r ~ ~ a r e  viable approaches to gain insight 
into the dynamics of polymer liquids. 
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Appendix 

We give a general solution for the Fokker-Planck type 
equation with the coefficients P ( t )  and y ( t )  which are 
functions of time 

ag = P ( t )  d&SP) + y ( t )  d,?P (AI) 
Here we omit the subscript of mode, since the form of the 
equation is the same. To solve eq Al, we introduce a new 
variablelo 

P = 5 exp(JoLW) dt') 642) 

The equation becomes 

dp = 3/3(t) P + y ( t )  exp(2lp(t ' )  dt') dt;P (A3) 

We simplify eq A3 by a change of the variable 

x = P exp(-3JotB(t') dt') 

d,x = y ( t )  exp[2JOLW) dt'l d;x 

(A4) 

to arrive at 

(A51 

The solution obtained with the initial condition 

P = P ( t 0 )  = P o  (A6) 
is given by 

x = [4rJo'dt y ( t )  exp[2Jf/3(s) d ~ ] - ~ / '  x 

exp{-lp - ~ ~ / ~ / [ 4 J ~ ~ y ( 7 )  exp(2JOtP(s) ds) d71) (A7) 

The probability P according eq A4 is given by 

P(t,tO;t) = {exp(JofP(r) d7)/4rJOtr(7) X 

exp[Jor2P(s) dsl d ~ ) ~ ' '  exp[-I€ exp(SofP(7) d7) - 

t01'/4JoLr(7) exp(JOr2P(s) ds) d ~ l  (A81 

Using relation eq 13 and noting that ( € k 2 )  does not depend 
on time, the result in eq 18 in the text is obtained via eqs 
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11 and 7 as 

80) exp(-JocB(s) ds)I2/{2(F2)(1- exp(-P~P(s)  ds))) 
(A9) 
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