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Derivation and Testing Residue–Residue
Mean–Force Potentials for Use
in Protein Structure Recognition

Boris A. Reva, Alexei V. Finkelstein, and Jeffrey Skolnick

1. Introduction
In protein-structure prediction, simplified energy functions are necessarily

used to allow fast sorting over many conformations. As a rule, these functions
are derived from residue–residue approximation, which attributes all atomic
interactions between residues to a single point within each residue. Physically,
the simplified energies should result from averaging of the atomic interactions
over various positions and conformations of the interacting amino acid resi-
dues, as well as the surrounding solvent molecules. Unfortunately, direct cal-
culation of such mean-force potentials is not possible today both because of
methodological difficulties and the lack of reliable atom-based energy func-
tions.

However, the rapidly increasing database of protein structures induced many
attempts to derive potentials from structural information of proteins (1–8). Most
of these approaches exploit Boltzmann’s equation, which stresses that fre-
quently observed states are the low-energy states. The exponential occurrence-
on-energy dependency has been shown to be valid also for fixed and
nonfluctuating native protein structures (9), although, as it has been shown
recently (10), the Boltzmann-like statistics of native protein structures is main-
tained by the sequence mutations rather than by thermal fluctuations of the
structure, i.e., its physical origin is absolutely different (although its mathemati-
cal form is similar) from that of the conventional Boltzmann statistics of ther-
modynamic ensembles.

Here we apply the results of that analysis to derive energy functions from
known protein structures. Our approach (11,12) is in many, but not in all,
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respects similar to the one originally used by Sippl (1,2). We also derive
pairwise, distance-dependent “mean-force” potentials, treating long-range and
short-range interactions separately. However, our methods of choosing the ref-
erence state for long-range interactions and our treatment of short-range inter-
actions differ from those used by Sippl.

2. Derivation of Pairwise Potentials
2.1. Preparation of the Database

The protein structures used for derivation of energy functions were taken
from the 25% similarity list of Hobohm et al. (13). Any pair of proteins in this
list has a similarity of less than 25% according to the Smith and Waterman (14)
sequence alignment with gap (open-gap penalty, 3.0, gap-elongation penalty,
0.05). From the Hobhom et al. list of October 1997, we entered into our data-
base 372 proteins having no chain breaks, with a resolution better than 2.5 Å
and an R factor less than 0.2. To avoid structurally similar proteins, we deter-
mine all the cases of low root-mean-square derivation (less than 10 Å) between
Ca atom-traced structural pairs. Each of these pairs was analyzed with the struc-
tural classification protein (SCOP) (15) to find if the proteins of the pair
belonged to the same protein family or superfamily. As a result of this analysis,
13 protein chains chosen as the shortest among the homologous pairs, were
removed from the database of 372 proteins. The resulting database includes
359 proteins.

2.2. Extraction of Energy Functions from Protein Statistics

The main task was to estimate the interaction potential εαβ(r) for each pair of
residues α and β (α, β = Gly, Ala, …) divided by a distance r; r is defined from
the positions of the Cβ (or, for some short-range interactions [see below], of the
Cα) atoms. In these estimates, we followed the theory of Boltzmann-like statis-
tics of protein structures by Finkelstein et al. (10).

This theory describes a Boltzmann-like form of protein statistics not using,
as usually assumed, (1,5) a model of a gaslike distribution of residues in a
protein globule (which have been recently criticized (16) for its physical incor-
rectness), but a more natural assumption that protein sequences change with
random mutations that have to maintain the stability of the protein structure.
As a result, each low-energy structural detail (low-energy, residue-to-residue
contact, bend, and so on) increases the number of “protein-stabilizing”
sequences (and therefore this detail is observed often), whereas each high-energy
detail decreases this number and therefore is observed rarely. It is shown also
(10) that a change in the number of protein-stabilizing sequences is exponen-
tially (as in Boltzmann’s law) dependent on the energy of the detail in question.
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The results of this theory, as applied to the obtaining of energy parameters
from protein statistics, can be summarized as follows:

Let us consider a large 3D database of protein structures, and define Ns
αβ as

the number of the αβ-pairs occupying positions i,i+s along a chain (α and β are
amino acids, i is any position in a chain), and Ns

αβ(r) as the number of such pairs
at a distance between αi and βi+s in the database.

According to ref. 10, the expected value of Ns
αβ(r) in the limit of very large

statistics, is:

Ns
αβ(r) = ANs

αβ(r) ws(r)exp[–ΔE s
αβ(r)/RTc] (1)

where A is a distance-independent normalization constant; ws(r) is a probabil-
ity of finding i,i+s residues at a distance r in the total set of globular folds (ws(r)
= Ns(r)/∑

r
Ns(r), where Ns(r) = ∑

α 
∑

β 
Ns

αβ(r) is the number of cases where i,i+s
residues are at a distance r, Tc is a “conformatiomal temperature” (9), which is
close to the characteriztic temperature of freezing of native folds approx 300 K
(10); R is the gas constant; and ΔE s

αβ(r) is the effective interaction energy:

ΔE s
αβ(r) = ε s

αβ(r) + E
~  s

αβ(r) (2)

Here, ε s
αβ(r) is the energy of direct interaction between residues α and β at a

distance r, and E
~ s
αβ(r) is the mean (averaged over all the possible environments

of the pair αβ in stable protein structures) energy of indirect interaction of α
and β, i.e., of the interaction mediated by all the surrounding residues.

Thus, taking into account the proportionality ws(r) ~ Ns(r), one can write

Ns
αβ(r1)/N

s
αβ(r2) = Ns(r1)/N

s
αβ(r2) · exp(–[ε s

αβ(r1) – ε s
αβ(r2)] + E

~  s
αβ(r1) – E

~  s
αβ(r2)]/RTc) (3)

which corresponds to Eq. 10 of (10), where the term ΔE therein would now
include ε s

αβ(r1) – ε s
αβ(r2), whereas E

~ s
αβ(r1) – E

~ s
αβ(r2), which depends on the pos-

sible amino acid environments of the αβ pair, will contribute to both ΔE and Δσ/
2RTc terms in that work.

The direct residue–residue interaction energy estimated from Eqs. 1 and 2 gives:

ε s
αβ(r) = –RTcln[Ns

αβ(r)/Ns
αβ · ws(r)] + RTc · ln A – E

~  s
αβ(r) (4)

It is noteworthy that, because the Boltzmann-like statistics of proteins origi-
nates from amino acid mutations, the reference (zero-energy) state for the energy
ε s

αβ(r) obtained from these statistics is a pair of “average” amino acid residues
(in a compact “proteinlike” environment with a secondary-structure and no
sequence specificity) separated by a distance in the chain and in space rather
than an amino acid pair in vacuum or water environment (cf. refs. 4–6).

Equation 4 is valid only when the expected ws(r) value is not zero. When
ws(r) = 0, ε s

αβ(r) cannot be defined from Eq. 4, but must be set to infinity to
make impossible any structure with the distance r between any residues.
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2.3. Long-Range Interactions

When residues are separated in the chain (s > s0 » 1; see Fig. 1A) so that they
can be at a distance where they do not interact, the precise value of s is not
important. Moreover, the order of residues in a pair (αβ or βα) is not relevant.
Our experience (12) shows that the potentials of the long-range interactions
should be based on the distances between the Cβ atoms (for the exception of
Gly residues, where Cα is used, as Cβ is absent).

Fig. 1. A scheme of short-range interactions; residues for which potentials are
derived are shown by filled circles. (A) Long-range interactions depending on the
distance between remote residues α and β. (B) Short-range interactions depending on
the distance between terminal residues α and β. (C) Short-range interactions depending
on chain bending in the intervening residue α (or α and β), which affects the distance
between terminal residues γ and γ. (D) Chiral energy depending on dihedral angle χ
between two planes (i – 1,i,i + 1) and (i,i + 1,i + 2) (determined by the corresponding
Cα atoms) and residues α and β, which affect the value of χ.
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Let us define Nαβ(r) as the total number of cases where the αβ and βα pairs
separated by more than s0 chain residues occur at a distance, or rather in an interval
(the value of the resolution interval D is discussed and optimized below):

P Np – s0 Np

Nαβ(r) = ∑ ∑ ∑ (δqiα
δqjβ

 + δqiβ
δqjα

– δqiα
δqjβ

) θ (Δ/2 – |rij – r|) (5)
p=1 i=1 j=i+s0

where P is a number of proteins, Np is a protein p sequence length; qi is a
residue i type; rij is a distance between residues i and j; δαβ = 1, if α = β and δαβ
= 0, if α ≠ β; θ(x) = 1, if x ≥ 0 and θ(x) = 0, if x < 0.

Let us also define N 0
αβ(≥Rαβ) as the total number of cases, where residue

pairs αβ and βα remote along a chain occur at noninteraction distances:

P Np – s0 Np

N 0
αβ(≥Rαβ) = ∑ ∑ ∑ (δqiα

δqjβ
 + δqiβ

δqjα
– δqiα

δqjβ
δαβ) θ (rij – Rαβ) (6)

p=1 i=1 j=i+s0

where Rαβ is the minimal distance where direct interaction between α and β
residues is absent (i.e., εαβ(r) = 0 for r ≥ Rαβ); the values of Rαβ are defined
below.

Then the value of εαβ(r) for the long-range interactions can be estimated as
(11–12):

Nαβ(r) N 0
αβ(≥Rαβ)εαβ(r) = –RTcln [ ——— / ————— ] – [E

~

αβ(r) – E
~

αβ(≥Rαβ)] (7)
Nαβ · w(r) Nαβ · w0(≥Rαβ)

where w(r) and w0(≥Rαβ) are the probabilities of finding the remote residue
pairs at the distances r and r ≥ Rαβ, respectively, in the total set of globular
proteins.

The term E
~

αβ(≥Rαβ) is the average energy of the indirect interactions at
r ≥ Rαβ; because of the averaging of indirect interactions over all the distances
r ≥ Rαβ: this term is small and can be neglected. The term E

~

αβ(r) can be ne-
glected at small distances r < Rαβ where a direct interaction of two residues is
strong.

Thus, one can εαβ(r) estimate as:

εαβ(r) = –RTcln [Nαβ(r) / N *
αβ(r)] (8)

where

w(r) ∑
a ≥ b

∑ Nαβ(r)
N *

αβ(r) = N 0
αβ(≥Rαβ) ———— = N 0

αβ(≥Rαβ) ——————— (9)
w0(≥Rαβ) ∑

a ≥ b
∑ Nαβ(≥Rαβ)

In Eq. 9, the ratio of probabilities w(r)/w0(≥Rαβ) is approximated by the ratio
of the total number of all the remote residue pairs found at a distance r, to the
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total number of all the residue pairs at all the distances r ≥ Rαβ; (sums are taken
over all 20 · (20 + 1)/2 = 210 different residue pairs; the pairs αβ, where α < β,
are taken into account in βα pairs).

Equations 8 and 9 show that the value of εαβ does not change with simulta-
neous multiplication of all the Nαβ(r) terms with a function depending on r
(when r ≥ Rαβ), but does with a function of α and β. This once again shows that
the foregoing definition of εαβ(r) counts the interaction energy from the inter-
action energy ε0(r) for some “average” residue pair, and the function ε0(r) can-
not be found from protein statistics directly. In this study the simple assumption
that

0, when r > Rminε0(r) = { (8a)
+∞, when r ≤ Rmin

where Rmin is an adjustable radius (Rmin ≈ 2.5 – 3.0 Å, see below) works well
enough.

To calculate potentials using formulae Eqs. 8 and 9, one needs to determine
the threshold distances Rαβ (see Table 1). We used the estimate:

Rαβ = Rα' + Rβ' (10)

where Rα' = Rα + δ/2 and Rβ' = Rβ + δ/2 are “effective” radii of residues α and β,
respectively. For a “covalent” residue radius Rα, we simply took the maximal
(overall residues of a given type α in a database) distance between the Cβ (or
Cα for Gly) atom and any other heavy atoms of the residue. To convert a “cova-
lent radius” into something like van der Waals radius R' of a residue, we add (δ/
2) ~ 1.2 Å.

2.4. Short-Range Interactions Depending on Distance Between
Residues

In this study, short-range interactions are defined as the ones between resi-
dues occupying positions i,i + 2, i,i + 3, and i,i + 4 along a chain. This corre-
sponds to (see Fig. 1B).

To estimate these interactions, we neglect the nonimportant distance-inde-
pendent term ln A, and also the energy of indirect interactions, E˜σ

αβ(r) (which

Table 1
Effective Residue Radii (in Å) Used in Derivation of Long-Range Potentialsa

Gly Ala Pro Asn Leu Val Ser Thr Cys Asp Ile His Gln Glu Met Phe Lys Trp Tyr Arg

3.9 4.9 4.9 4.9 4.9 5.0 5.0 5.0 5.0 5.0 5.0 5.1 5.1 5.2 5.6 5.7 6.7 6.8 7.1 7.6

aCovalent residue radii (see ref. 12) are adjusted by efecective van der Waals radius d/2 = 1.2 Å
(see Eq. 10).
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is of a secondary importance, as the residues close in a chain are also close in
space) in Eq. 3, and approximate the probability of finding a pair i,i + s at a
given distance r by the ratio of the total number of all i,i + s residues pairs
found at a distance r, to the total number of i,i + s residue pairs found at all the
distances. We found (12) that potentials based on distances between Cβ atoms
(Cα atoms for Gly) are more accurate than the ones based on Cα atoms only.

Thus, for s = 2,3,4 we have

εs
αβ(r) = –RTcln [Ns

αβ(r) / N*s
αβ(r)] (11)

where
P Np – s

s
αβ(r) = ∑ ∑ (δqiα

δqi+sβ + δqiβ
δqi+sα – δqiα

δqi+sβδαβ) θ (|ri,i+s – r|) (12)
p=1 i=1

and
∑

α
∑

β
N s

αβ(r)
N*s

αβ(r) = ∑
r

Ns
αβ(r) —————— (13)

∑
α

∑
β

∑
r

Ns
αβ(r)

For short-range interactions we distinguish between pairs αβ and βα.

2.5. Short-Range Interactions Depending on Chain Bending

The distance between two residues in positions also depends on residues
that occupy intervening positions (see Fig. 1C): these residues determine the
local chain stiffness.

To take into account these interactions we follow the above approach and
introduce two “bending-energy” terms:

u(2)
α (r) = –RTcln [N

~

α
(2) (r) / N

 ~ *

α
(2) (r)] (14)

and

u(3)
αβ (r) = –RTcln [N

~

αβ
(3) (r) / N

 ~ *

αβ
(3) (r)] (15)

where

P Np – 2

N
~

α
(2) (r) = ∑ ∑ δqi+1α θ (Δ/2 – |ri,i+s – r|) (16)

p=1 i=1

∑
α

N
~

α
(2) (r)

N
 ~ *

α
(2) (r) = ∑

r
N
~

α
(2) (r) —————— (17)

∑
r

∑
α

N
~

α
(2) (r)

and

P Np – 3

N
~

α
(3)
β (r) = ∑ ∑ δqi+1αδqi+2β θ (Δ/2 – |ri,i+3 – r|) (18)

p=1 i=1



162 Reva, Finkelstein, and Skolnick

∑
α

∑
β

N
~

αβ
(3)(r)

N
 ~ *

αβ
(3) (r) = ∑

r
N

~

α
(3)
β (r) —————— (19)

∑
α

∑
β

∑
r

N
~

α
(3)

β (r)

Here, N
~

α
(2) (r) is the number of pairs i,i + 2 with a distance r between i and i

+ 2 residues and the residue α in the i + 1 position; N
~

α
(3)
β (r) is the number of i,i

+ 3 pairs with a distance r between i and i + 3 residues and residues α in i + 1
and β in i + 2 positions (see Fig. 1C). We derive bending potentials using
distances between Cα atoms (12), as they were found to be more accurate than
the ones based on Cβ atoms.

2.6 Chiral Energy Term
We define local chirality of a protein chain as a dihedral angle χ between

two planes determined by Cα atoms of residues occupying positions (i – 1,i,i + 1)
and (i,i + 1,i + 2) along a chain (see Fig. 1D). As usually, the angle χ is counted
off the (i – 1,i) vector to the (i + 1,i + 2) vector in a counterclockwise (if
looking from i + 1 to i) direction. Because secondary-structure elements are
well distinguished by local chirality (α-helices have the angle close to 120°,
whereas the beta structure has the angle close to zero), the residue preferences
in choosing a secondary-structure type are virtually taken into account by
introducing the chirality term. This chirality potential is calculated as:

vαβ(χ) = –RTcln [N̂αβ(χ) / N̂∗
αβ (χ)] (20)

where
P Np – 2

N̂αβ(χ) = ∑ ∑ δqαδqi+1β θ (Δχ/2 – |χi–1, i, i+1, i+2 – χ|) (21)
p=1 i=1

and
∑

α
∑

β
N

~

αβ
(3)(r)

N
 ~ *

αβ
(3) (r) = ∑

r
N

~

α
(3)
β (r) —————— (22)

∑
α

∑
β

∑
r

N
~

α
(3)

β (r)

Here, Nˆ
αβ(χ) is the number of αβ pairs occupying position i,i + 1 along a

chain when a dihedral angle χ formed by Cα atoms of residues (i – 1,i,i + 1,i + 2)
falls into interval (c – Δχ/2; c + Δχ/2).

2.7. Sparse Statistics

Above, all the potentials where obtained from equations having a general
form

εx(q) = –RTc ln [Nx(q) / N*
x(q)] (23)

where x = α for uα potential, and x = αβ pair for all other εαβ, uαβ, and vαβ
potentials, whereas Nx(q) and N*

x(q) are the observed and expected number of



Testing Residue–Residue Mean–Force Potentials 163

residue pairs, respectively (q = χ for the chiral and q = r for all other poten-
tials). Equation 23 is not applicable for the cases of sparse statistics when one
or both of the terms, Nx(q) and N*

x(q), are equal to zero. In these cases we
define the potentials as follows:

εx(q) = +∞   if N*
x(q) = 0 (24)

εx(q) = RTc · N*
x(q)   if Nx(q) = 0   and N*

x(q) ≠ 0 (25)

Equation 24 is obvious: in this way, we forbid interresidue distances which,
for any physical reason, are not observed in any protein structures (see above).

Equation 25 is rather arbitrary; we use it to obtain some kind of high energy
and, simultaneously, to avoid an infinity that can be caused by sparse statistics
rather than by the physical impossibility of particles at a distance from each
other.

The energy of a chain conformation is the sum of all the individual terms
described.

2.8. Statistical Errors in Potential Estimates
The accuracy of phenomenological potentials depends on the size of the

database used for their derivation. It is important for applications to have an
estimate of the statistical error arising from the finite size of the database.

Such an estimate can be easily made in the following way: let us divide a
database of protein structures into two approximately equal subdatabases, A
and B, and let us derive two corresponding sets of potentials: sets A and B.
Because of statistical fluctuations, potentials A and B will be slightly different.
One can estimate the amplitude of statistical error for a potential εx(r) as:

Δεx = |εA
x – εB

x | / 2 (26)

where εA
x and εB

x and are potentials corresponding to the databases A and B.
In the case of sparse statistics, when NA

x (r) = 0 and/or NB
x (r) = 0, the values

of RTc · N*
x
A(r)/2 and/or RTc · N*

x
B(r)/2 are added to the value of Δεx.

3. Testing of Potentials in Gapless Threading Test
The accuracy of potentials is estimated using the threading test suggested by

Hendlich et al. (17). In this test, the energy of the native structure is compared
with the energies of alternative structures obtained by threading the native
sequence through all possible structural conformations provided by the back-
bones of a set of proteins. No gaps or insertions are allowed, thus, a chain of N
residues long can be threaded through a host protein molecule of M residues
long in M – N + 1 different ways. Because glycine residues have no Cβ atoms
(which are necessary for threading with Cβ atom-based potentials) we con-
structed virtual Cβ atoms for all glycine residues of the threading database.
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A typical example of the energy distribution for the rotamase molecule (1fkj)
in such a threading experiment is shown in Fig. 2.

To analyze the contribution of different energy terms in the recognition of
protein structure we compare in Tables 2 and 3 the averaged characteriztics of
threading tests for 50 structures given separately by each of the energy terms
(Fifty testing structures were chosen as the shortest ones from the database of
359 proteins. For each of these 50 proteins the rest of the database was used
both for derivation of potentials and as a source of alternative structures for
threading.)

Tables 2 and 3 also show how the accuracy of the different energy terms
depends on the size of the resolution interval. The table presents common mea-
sures of the fold-recognition quality, such as (1) the average ranking, (2) the
average energy gap width, and (3) the average Z-score; Z-score is a relative

Fig. 2. The histogram and the corresponding normal distribution (thin line) of
59,786 threading energies of the rotamase molecule (1fkj). The normal distribution is
built with an average energy of 146.4 and a standard deviation of 32.1. The difference
between the average energy and the native structure energy is 208.7, which corre-
sponds to Z = 208.7/32.1 = 6.5. The difference between the lowest energy of the
misfolded structures and the native structure energy gives the value of the energy gap
(89.2) separating the native structure from misfolded ones.



Testing Residue–Residue Mean–Force Potentials 165

Table 3
Characteristics of the Native Structure Recognition in Threading Tests
by Chiral Energy Term at Different Resolutions

Resolution
(degrees) 36 30 24 20 18 15 12 10

<P>b 3.76 2.94 4.06 4.15 3.36 4.90 6.21 9.09
<Z>c 3.61 3.87 3.83 3.94 4.03 4.10 3.98 3.87
<G>d 2.82 3.56 2.41 2.95 3.39 3.36 1.55 –0.21

b,c,d,*See the corresponding footnotes to Table 2.

Table 2
Characteristics of Native Structure Recognition in Threading Tests
by Different Distance-Dependent and Chain-Bending Energy Terms
at Different Resolutionsa

Resolution (Å) 0.25 0.5 1.0 2.0 3.0

<p>b 2.11 2.02* 2.14 2.33 2.38
L <Z>c 5.31 5.35 5.52* 5.45 5.47

<G>d 25.08 25.62* 24.61 21.38 18.61
<P> 224.81 87.04* 138.68 420.12 769.13

S2 <Z> 2.54 2.70* 2.49 2.46 1.81
<G> –8.99 –6.31 –5.94 –5.64* –6.08
<P> 497.85 270.34* 307.57 513.02 370.58

S3 <Z> 1.95 2.39* 2.29 2.14 2.35
<G> –12.92 –9.10 –8.07 –8.10 –5.80*
<P> 2386.96 1244.44 817.63 785.51* 819.04

S4 <Z> 1.64 1.95 2.10 2.08 2.12*
<G> –18.22 –12.60 –9.01 –7.63 –6.98*
<P> 34.32* 61.50 669.22 2228.96 2153.32

B2 <Z> 1.18 2.95* 2.31 1.88 1.81
<G> –3.11* –3.40 –4.30 –4.70 –3.62
<P> 6.52 5.10* 5.47 21.01 39.70

B3 <Z> 3.54 3.89 3.92* 3.21 3.19
<G> –0.91 0.81* –0.06 –3.03 –4.29

aLong-range (L), short-range (S2, S3, S4), and bending (B2, B3) interactions s hown,
respectively, in Fig. 1; Cβ atoms are used as force centers in L, S2, S3, and S4 energy terms and
Cα atoms in B2 and B3 terms.

bAverage position is defined as the geometrical mean: 〈P〉 = [∏
N

i=1
Pi]1/N, where Pi is the posi-

tion of the native fold energy for chain i in the energy-sorted list for this chain, and N is the
number of proteins.

cAverage Z-score; defined as a root-mean-square: 〈P〉 = ⎟(1/N) ∑N
i=1 Z2

i⎤1/2 where Zi is
Z-score corresponding to the native fold energy of protein i.

dAverage (arithmetic mean) energy gap (in RTc units) between the lowest energy of an alter-
native structure and the native structure.

*The best value.
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deviation of the native structure energy EN from the mean energy of alternative
structures <E> expressed in the number of the root mean deviations of the
threading energies from the mean, σ:

Z = (〈E〉 – EN) / σ (27)

Table 2 shows that the fold-recognition quality is optimal at the resolution
intervals of approx 0.5–1.0 Å both for long- and short-range potentials (except
of sort-range i,i + 4 interaction (S4), which shows the best accuracy at spacing
approx 2–3 Å). One can see that the short-range potentials are more sensitive
to the optimization of the resolution than the long-range ones.

Table 3 shows that the chiral energy term achieves its highest accuracy at
the resolution range of 30–15°. (For further testing, the resolution of 18° was
chosen as a compromise in average positioning, Z-score, and energy-gap
characteriztics; it corresponds to 0.5–0.8 Å resolution interval for space coor-
dinates.)

Table 4
Characteristics of Native Structure Recognition in Threading Tests
by Different Combinations of Energy Terms at Different Resolutionsa

Resolution (Å) 0.25 0.5 1.0 2.0 3.0

<P>b 2.11 2.02 2.14 2.33 2.38
L <Z>c 5.31 5.35 5.52 5.45 5.47

<G>d 25.08 25.62 24.61 21.38 18.61

<P> 2.87 1.90 2.71 6.00 9.72
SB <Z> 3.82 4.66 4.30 3.73 3.51

<G> 6.61 11.96 5.13 –1.09 –2.43

<P> 1.59 1.35 1.58 1.85 2.43
SBC <Z> 4.54 5.23 4.98 4.65 4.54

<G> 23.54 27.31 20.31 13.18 10.96

<P> 1.18 1.09 1.09 1.22 1.45
LSB <Z> 5.79 6.53 6.43 6.19 6.06

<G> 68.93 71.02 61.88 47.47 40.33

<P> 1.16 1.06 1.07 1.10 1.20
LSBC <Z> 6.16 6.79 6.72 6.55 6.47

<G> 87.50 89.32 81.56 68.21 60.80

aL, SB, SBC, LSB, and LSBC correspond to different combinations of local and long-range
terms: long-range (L); short-range and bending terms (SB); short-range, bending, and chiral
terms (SBC); long-range, short-range, and bending terms (LSB); long-range, short-range, bend-
ing, and chiral terms (LSBC); chiral potental was used at resolution 18° in all the cases.

b,c,d,*See the corresponding footnotes to Table 2.
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The results in Tables 2 and 3 show that the main contribution to protein–
structure recognition arises primarily from long-range interactions and chiral
and bending energies. Recognition accuracy with different combinations of the
local and long-range energies is presented in Table 4.

Fig. 3. Long-range potentials for (A) Phe–Leu and (B) Arg–Arg residue pairs
derived from the database of 359 proteins at a resolution of 0.5 Å; inaccuracies of the
potentials caused by limited statistics are shown by thin error bars; the estimates are
done by Eq. 26; potential sets A and B were derived from the approximately equal
databases of 180 and 179 proteins obtained by division of the original database of 359
proteins. Errors of the amplitude less than 0.05RTc are not shown. Long-range poten-
tials are infinitely high at distances below 2.5 Å. The dots show that part of potential
that is taken as zero at r ≥ Rα + Rβ.
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Fig. 4. Short-range distance dependent pairwise potentials. The potentials are given
for Ala–Ser residue pair; they are derived from the database of 214 proteins at a
resolution of 1 Å: (a), (b), and (c) correspond, respectively, to the i,i + 2, i,i + 3, i,i +
4 types of short-range interactions (see Fig. 1B); statistical inaccuracy of the potentials
is shown by error bars; errors of amplitude less than 0.05RTc are not shown. The
potentials are infinitely high at r ≤ Rmin = 2.5 Å and r ≥ Rmax = 10.5 Å, 13.5 Å, and 17
Å for, correspondingly, i,i + 2, i,i + 3, i,i + 4 types of short-range interactions.
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One can see that the total contribution of the local energy terms to the over-
all accuracy at the optimal resolution is slightly more than that of long-range
potential.

Plots of typical potentials derived from the data set of 359 proteins at resolu-
tion of 0.5 Å is given in Figs. 3–6. One cannote a significant difference between
long-range (Fig. 3) and short-range (Figs. 4–6) potentials. Long-range
potentials change relatively smoothly with distance and, in essence, have one
energy minimum for attractive (usually hydrophobic) residue pairs and no
minimum for repelling pairs.

Fig. 5. Short-range bending potentials derived from the database of 359 proteins at
a resolution of 0.5 Å: (a) and (b) corresponds, respectively, to Ser residue and to Ala-
Ser residue pair occupying an intervening position (see Fig. 1C); error-bars show sta-
tistical inaccuracy of the potentials; errors of the amplitude less than 0.05RTc are not
shown. The potentials are infinitely high at r ≤ Rmin and r ≥ Rmax; Rmin = 4 Å and 3 Å;
Rmax = 8 Å and 11.5 Å for, correspondingly, i,i + 2 and i,i + 3 types of short-range
bending interactions.
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Short-range potentials are characterized by more abrupt changes; they can
have more than one local minimum, separated by barriers. Also, it is worth
noting that because of the hard-core interatom repulsion, both long-range and
short-range potential wells are bounded at Rmin = 2.5 Å for Cβ-based potentials
and 3 Å for Cα ones; a prohibition of chain disruption restricts the maximal
distance where the short-range potentials act.

The statistical error estimates, calculated by Eq. 26 are shown in Figs. 3–6
by the corresponding error bars. One can see differences in the amplitudes of
the statistical errors, which are relatively small for the long-range interactions
and sometimes rather significant for the short-range ones.

The detailed results of the threading experiment for 50 proteins with Cβ–Cα
combined potentials, derived at the resolution interval of 0.5 Å, are given in
Table 5.

The potentials successfully recognize the native structure: 49 proteins were
evaluated with the lowest energy for their native structures. Because all of the
foregoing energy estimates are done with approximate energy functions, there
is always a chance of finding a structure with lower energy than a given native
one, considering more extensive ensembles of structures.

Table 5 shows large energy gaps between the native and competing folds for
practically all the tested protein chains. However, it is important to stress that
these gaps should depend on the number of tested alternatives: the more the
alternatives, the less the gap. Because the energies of alternative structures have

Fig. 6. Chiral potential for Val–Ala residue pair at resolution of 18°; error bars show
statistical inaccuracy of the potential; errors of the amplitude less than 0.05RTc are not
shown.
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virtually Gaussian distributions (Fig. 2), one can estimate the probability to
find a structure with energy less than a given native one as

p(Z) = (1/√2π) ·
Z
∫

+∞

e(t2/2) dt (28)

where Z is a “Z-score” value. Thus, to find an energy lower than the energy of
a given native structure, one needs to look through the following number of
random structures:

NZ = 1 / p(Z) (29)

Having Z-score values obtained with Cβ–Cα-based potentials, and assuming
that structures obtained in threading give representative ensembles of misfolded
protein-like structures, we found NZ values for each of the 50 proteins tested.
The geometric averaging of the NZ values gives <NZ>~ 1.7 * 1011. Given an
average chain length of 111 residues for 50 tested proteins, these numbers show
that one can predict a protein fold only if the average number of possible back-
bone conformation per residue does not exceed 1011.23/111 = 1.26. For globular
folds where backbone conformations are not independent, this crucial number
is not yet known (for a coil, where backbone conformations are independent,
there are at least three conformations per residue: αR, αL, and β). Because the
backbone conformations used for threading represent only a portion of the
globular folds, and because they are not necessarily compact, the foregoing
estimates indicate that our potentials are adequate for recognition of the native
fold within some restricted set of folds, rather than for distinguishing the native
fold from all possible folds.

4. Notes

1. To reduce biased errors in potentials derived from protein statistics, it is neces-
sary to avoid similar proteins in the database of protein structure. Our experience
shows that tests on sequence similarity alone are not absolutely sufficient for
excluding all remote homologs. We found that pairs of proteins with RMSD (<10
Å) are good candidates for belonging to the same protein family.

2. To achieve the highest accuracy with potentials derived from a given database, it
is necessary to optimize the size of the resolution interval in distance- (angle-)
dependent energy functions to preserve as much detail as possible without intro-
ducing excessive error due to limited statistics.

3. The approach we use here for the derivation of energy functions differs from the
other ones as it is directly based on the theory that explains the origin of
Boltzmann statists in protein structure. However, the derived potentials have the
same peculiarities (10) as correlation functions observed in liquids. They result
from true direct interactions of residues in question and the indirect interactions
of these residues via the surrounding liquids. One can neglect the indirect interac-
tions when (1) direct interactions are strong (i.e., when distances are rather short),
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Table 5
Characteristics of the Native Conformation Position in the Energy-
Sorted List for 50 Proteins Obtained with Cβ–Cα-Based Potentials
Derived at a Resolution Interval of 0.5 Å

Energy gapc

PDB Thread- Posi- in in δ Z-
code Length ings tionb RTc units scored Nz

e

1tgx.A 61 76258 1 2.5 0.1 4.2 0.82*105

1ptx 64 74841 1 42.2 2.2 6.9 0.36*1012

1kve.B 77 70251 1 22.4 0.9 4.8 0.10*107

1cks.B 78 69898 1 67.8 2.4 5.9 0.61*109

1aav.A 85 67440 18 –17.2 –0.7 3.3 0.17*104

1ihf.B 94 64289 1 63.0 1.9 6.3 0.54*1010

1who 94 64289 1 107.7 3.7 7.3 0.98*1013

2hpe.A 99 62547 1 94.5 3.6 7.6 0.76*1014

1lts.D 103 61158 1 71.2 2.2 6.1 0.14*1010

1cmb.A 104 60812 1 42.9 1.1 4.7 0.96*106

1mhl.A 104 60812 1 38.8 1.2 5.0 0.30*107

1onc 103 61158 1 65.8 2.3 6.3 0.85*1010

1kpt.A 105 60468 1 94.2 3.8 8.0 0.14*1016

2psp.A 105 60468 1 149.9 4.7 8.7 0.82*1018

1bri.C 107 59786 1 68.5 2.5 6.6 0.49*1011

1fkj 107 59786 1 89.2 2.8 6.5 0.24*1011

1cew.I 108 59446 1 62.9 1.8 5.8 0.36*109

1jpc 108 59446 1 138.5 4.8 9.0 0.94*1019

1thx 108 59446 1 139.7 4.6 8.4 0.61*1017

1bnd.A 109 59108 1 70.0 2.5 6.9 0.32*1012

1jer 110 58773 1 67.1 2.4 6.8 0.17*1012

1ccr 111 58439 1 76.3 2.2 6.1 0.24*1010

1wad 111 58439 1 78.6 2.3 6.0 0.12*1010

2tgi 112 58106 1 56.1 2.0 6.5 0.34*1011

1dyn.A 113 57775 1 37.6 1.0 4.4 0.19*106

4rhn 115 57116 1 96.0 2.9 6.7 0.84*1011

(continued)

and (2) when a number of residue types is big (10,18); the latter means that
proteins consisting of 20 amino acid types should give more precise potentials
than chain models of two to three residue types (3).

4. In estimating the role of simplified pairwise potentials for the protein-folding
problem, one should not presume to explain with them all of the details of protein
structure. However, these potentials can be useful for efficient discrimination of
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Table 5 (continued)
Characteristics of the Native Conformation Position in the Energy-
Sorted List for 50 Proteins Obtained with Cβ–Cα-Based Potentials
Derived at a Resolution Interval of 0.5 Å

Energy gapc

PDB Thread- Posi- in in δ Z-
code Length ings tionb RTc units scored Nz

e

2rsl.B 120 55475 1 141.7 3.7 7.1 0.13*1013

2pfl 121 55147 1 59.7 1.9 6.1 0.23*1010

1reg.X 122 54820 1 132.5 3.4 7.2 0.27*1013

1whi 122 54820 1 139.9 4.0 7.7 0.17*1015

1bp2 123 54494 1 109.0 3.3 7.5 0.27*1014

1bur.T 123 54494 1 137.7 4.3 8.3 0.21*1017

1msp.A 124 54171 1 77.0 2.1 6.3 0.86*1010

1zia 124 54171 1 128.6 3.5 7.9 0.54*1015

4fgf 124 54171 1 58.0 1.7 5.7 0.20*109

7rsa 124 54171 1 94.8 2.9 6.8 0.25*1012

1otg.A 125 53850 1 115.7 3.3 6.9 0.29*1012

1oun.A 125 53850 1 122.0 3.5 7.3 0.92*1013

2phy 125 53850 1 134.9 4.1 8.0 0.15*1016

1rie 127 53219 1 130.5 3.6 7.6 0.83*1014

1ttb.A 127 53219 1 116.9 3.5 7.2 0.40*1013

1doi 128 52905 1 126.1 3.2 6.6 0.58*1011

3chy 128 52905 1 171.9 4.0 7.5 0.28*1014

1cpq 129 52593 1 80.0 1.7 5.3 0.15*108

1msc 129 52593 1 22.4 0.7 5.6 0.97*108

2aza.A 129 52593 1 92.0 2.8 6.7 0.11*1012

1lzr 130 52283 1 140.6 4.3 8.5 0.14*1018

1lid 131 51976 1 93.5 2.9 6.6 0.36*1011

1lis 131 51976 1 88.8 2.7 7.0 0.70*1012

1lit 131 51976 1 125.6 3.9 8.1 0.25*1016

Avg. 111 57736 1.06 89.3 2.7 6.8 0.17*1012

b,c,dSee footnotes to Table 2.
eNz values are defined in Eqs. 29 and 30; the average Nz is defined as the geometrical mean.

the tiny fraction of most favorable conformations from the vast majority of the
other ones.
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